Hybrid quantum-classical systems constitute a promising architecture for useful control strategies of quantum systems by means of a classical device. Here we provide a comprehensive study of the dynamics of various manifestations of quantumness with memory effects, identified by non-Markovianity, for a qubit controlled by a classical field and embedded in a leaky cavity. We consider both the Leggett-Garg inequality and a suitable quantum witness as experimentally-friendly indicators of quantumness, also studying the geometric phase of the evolved (noisy) quantum state. We show that, under resonant qubit-classical field interaction, a stronger coupling to the classical control leads to enhancement of quantumness despite a disappearance of non-Markovianity. Differently, in a non-resonant interaction, increasing the qubit-field detuning reduces the non-classical behavior of the qubit while recovering non-Markovian features. We then find that, without classical control, the geometric phase decreases for large spectral width of the cavity. However, the geometric phase can be remarkably protected irrespective of the cavity spectral width via strong coupling to the classical field. These results supply practical insights towards a classical harnessing of quantum properties in a quantum information scenario.
I. INTRODUCTION
Quantum features, such as coherence, entanglement, discord and nonlocality, have been introduced as physical resources [1] [2] [3] [4] [5] [6] [7] [8] for performing special tasks, for instance quantum computing [9] , quantum teleportation [10] or quantum dense coding [11] , which are not classically plausible [12] . Hence, nowadays, identifying and controlling quantumness of the systems is of great importance. A common procedure for characterizing non-classicality is to test criteria which are constructed based on classical constraints. Obviously, violation of these criteria will reveal quantumness of the systems spontaneously [2] . For instance, Leggett-Garg inequality, which is based on the classical notions of macroscopic realism and noninvasive measurability, has been proposed to detect quantum behavior of a single system [13, 14] . It is noteworthy that the assumption of macroscopic realism indicates that macroscopic systems remain in a defined state with well-defined pre-existing value at all times, while noninvasive measurability imply that it is possible to measure, in principle, this preexisting value without perturbing the subsequent dynamics of system. In this regard, a violation of the Leggett-Garg inequality will disclose the existence of non-classical temporal correlations in the dynamics of an individual system [13, 14] . This has led to a substantial amount of literature attempting to characterize system non-classicality by Leggett-Garg inequalities both theoretically [15] [16] [17] [18] [19] and experimentally [20, 21] . Along this direction, robust quantum witnesses have been then introduced as alternative to the Leggett-Garg inequality, which * Electronic address: mortezapour@guilan.ac.ir † Electronic address: rosario.lofranco@unipa.it may help in reducing the experimental requirements in verifying quantum coherence in complex systems [22] [23] [24] .
As another peculiar trait, a quantum system which evolves cyclically can acquire a memory of its evolution in the form of a geometric phase (GP). The geometric phase was first introduced in optics by Pancharatnam while he was working on polarized light [25] . Successively, Berry theoretically explored GP in a closed quantum system which undergoes adiabatic and cyclic evolution [26] . Afterwards, GP has been extended to systems under non-adiabatic cyclic and non-adiabatic noncyclic evolutions [27] [28] [29] [30] [31] [32] [33] [34] [35] . Owing to the fact that systemenvironment interactions play an important role for the realization of some specific operations, the study of the geometric phase has been also applied to open quantum systems. Along this route, some works have analyzed the correction to the GP under the influence of an external environment using different approaches [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] . The global properties of the GP make it appropriate for constructing quantum gates with highest fidelities with applications within the so-called geometric quantum computation [52] [53] [54] [55] [56] [57] .
On the other hand, the dynamics of open quantum systems is categorized into two different classes of dynamical processes known as Markovian (memoryless) and non-Markovian (memory-keeping) regimes [58, 59 ]. An open quantum system undergoing Markovian dynamics, irreversibly transfers information to its surrounding environment leading to the information erasure. Differently, nonMarkovian dynamics encompasses memory effects allowing a partial recovery of information of the quantum system, even after complete disappearance [59] [60] [61] [62] [63] . Such a feature temporarily counteracts the detrimental effect of the surrounding environment. A plenty of suitable measures have appeared in the literature in an attempt to quantify non-Markovianity in quantum systems [61, [64] [65] [66] [67] [68] [69] [70] [71] , also identifying it as a poten-tial resource [72, 73] . Recently, effects of frequency modulation [74] , qubit velocity [75] [76] [77] and weak measurement [72] on the non-Markovianity of a qubit inside leaky cavities have been studied.
Memory effects alone are not usually sufficient to permit the desired long-time preservation of the quantum features of an open system. External control is thus required to this scope. One of the most intriguing aspects within this context is given by the possibility to harness quantumness by classical fields in hybrid quantum-classical systems [78, 79] . Such hybrid systems have in fact a fundamental role for the comprehension of the effects of classical environments on quantum features and can then constitute convenient platforms for their protection against the noise .
To enlarge our knowledge about classical control of an open quantum system, here we focus on a qubit inside a cavity subject to a classical driving field. It is worth recalling that quantum Fisher information [101, 102] , quantum speedup [102] , coherence dynamics [103] and non-Markovianity [102] of such a model have been studied, the latter limited to the resonant interaction of the classical field with the qubit. In this work, we aim at providing insights concerning most fundamental quantum traits of the system, which can be directly measured by feasible experiments and also useful in a quantum information scenario. In particular, we investigate how non-classicality, identified by both Leggett-Garg inequality and quantum witness, geometric phase and nonMarkovianity are influenced, under quite general conditions, by the adjustable classical field. We extend our study to the non-resonant interaction and compare the results with those obtained for the resonant case.
The paper is organized as follows. In Sec. II we review the model [101, 104] , giving the explicit expression of the evolved reduced density matrix. In Sec. III, using Leggett-Garg inequalities, we show the time behavior of non-classicality (quantumness) of the system. The results regarding GP and non-Markovianity are presented in Sec. V and Sec. VI, respectively. Finally, the dynamics of quantum witness is given in Sec. IV. In Sec. VII we summarize our conclusions.
II. THE SYSTEM
We consider a qubit (two-level emitter) of excited and ground states |a and |b , respectively, with transition frequency ω 0 , driven by an external classical field and embedded in a zero-temperature reservoir formed by the quantized modes of a high-Q cavity, as depicted in Fig. 1 . Under the dipole and rotating-wave approximations, the associated Hamiltonian of the system can be written as ( = 1) [101] 
where ω c and ω k are, respectively, the frequencies of the classical driving field and of the cavity quantized mode k. χ + = |a b| (χ − = |b a| ) denotes the qubit raising (lowering) operator, whileâ k (â † k ) is the annihilation (creation) operator of the k-th cavity mode. In addition, Ω and g k represent the coupling strengths of the interactions of the qubit with the classical driving field and with the cavity modes, respectively. We assume that Ω is small compared to the atomic and laser frequencies (Ω ω 0 , ω c ). Using the unitary transformation U = e −iω c t|a a|/2 , the Hamiltonian of the system in the rotating reference frame can be written aŝ
where ∆ = ω 0 − ω c is the detuning between qubit transition frequency and classical field frequency. By introducing the dressed states
which are the eigenstates ofĤ I , the effective Hamiltonian can be rewritten aŝ
where η = arctan(2Ω/∆) and ω D = √ ∆ 2 + 4Ω 2 denotes the dressed qubit frequency. Moreover,σ − = |B A| (σ + = |A B|) represents the new lowering (raising) qubit operator.
We assume the overall system to be initially in a product state with the qubit in a given coherent superposition of its states (cos θ|A + sin θ|B ) and the reservoir modes in the vacuum state (|0 ), that is
Hence, the evolved state vector of the system at time t is
where |1 k represents the cavity state with a single photon in mode k and B k (t) is the corresponding probability amplitude. The evolution of the state vector obeys the Schrödinger equation. Substituting Eq. (6) into the Schrödinger equation, we obtain the integro-differential equation for A(t) as
where the kernel F(t, t ) is the correlation function defined in terms of continuous limits of the environment frequency
Here, J(ω k ) represents the spectral density of reservoir modes. We choose a Lorentzian spectral density, which is typical of a structured cavity [58] , whose form is
where δ = ω 0 − ω n denotes the detuning between the center frequency of the cavity modes and ω 0 . The parameter γ is related to the microscopic system-reservoir coupling constant (qubit decay rate), while λ defines the spectral width of the cavity modes. It is noteworthy that the parameters γ and λ are related, respectively, to the reservoir correlation time τ r and to the qubit relaxation time τ q , as τ r = λ −1 and τ q ≈ γ −1 [58] . It is noteworthy that the reservoir correlation time τ r and the qubit relaxation time τ q the are related to parameters γ and λ as τ r = λ −1 and τ q ≈ γ −1 respectively [58] . Qubit-cavity weak coupling occurs for λ > γ (τ r < τ q ); the opposite condition λ < γ (τ r > τ q ) thus identifies strong coupling. The larger the cavity quality factor Q, the smaller the spectral width λ and so the photon decay rate. With such a spectral density, the kernel of Eq. (8) becomes
. Substituting the resulting kernel into Eq. (7) yields
where
Hence, the probability amplitude B k (t) is acquired as
The time-dependent reduced density matrix of the qubit is obtained, in the dressed basis {|A , |B }, by tracing out the cavity degrees of freedom from the evolved state of Eq. (6), that gives
Having this expression of ρ(t), we can then investigate the time behavior of quantumness and memory of our open qubit under classical control.
III. LEGGETT-GARG INEQUALITY
In this section, we discuss how the classical driving field can affect the non-classical dynamics of the quantum system. To this aim, we employ Leggett-Garg inequalities which assess the temporal non-classicality of a single system using correlations measured at different times. We recall that the original motivation behind these inequalities was the possibility to check the presence of quantum coherence in macroscopic systems. A Leggett-Garg test entails either the absence of a realistic description of the system or the impossibility of measuring the system without disturbing it. Such inequalities are violated by quantum mechanics on both sides. Some recent theoretical proposals have been reported for the application of Leggett-Garg inequalities in quantum transport, quantum biology and nano-mechanical systems [14] .
The simplest Leggett-Garg inequality can be constructed as follows. Consider an observableÔ, which can take the values ±1 . One then performs three sets of experimental runs such that in the first set of runsÔ is measured at times t 1 and t 2 = t 1 + τ; in the second, at t 1 and t 3 = t 1 + 2τ; in the third, at t 2 and t 3 . It is noteworthy that such measurements directly enable us to determine the two-time correlation functions Ô (t j )Ô(t i ) with t j > t i . On the basis of the classical assumptions of macroscopic realism and noninvasive measurability, one can derive the Leggett-Garg inequality as [9, 14] 
where C i j = {Ô(t i ),Ô(t j )} /2, with {Ô(t i ),Ô(t j )} indicating the anticommutator of the two operators. Utilizing similar arguments, one can also obtain a Leggett-Garg inequality for measurements at four different times, t 1 , t 2 , t 3 and t 4 = t 1 + 3τ, given by [15, 16] 
As mentioned above, the inequalities of Eqs. (14) and (15) are obtained under two classical assumptions, so quantum theory violates Leggett-Garg inequalities. Here, we investigate the dynamics of the Leggett-Garg inequalities for our system by choosing the measurement operatorÔ =σ x . Exploiting the qubit evolved density matrix of Eq. (13), we obtain
where [z] indicates the real part of the complex number z. Based on Eq. (16), we calculate and plot in Fig. 2 the dynamics of both Leggett-Garg inequalities C 3 (panels (a), (c)) and C 4 (panels (b), (d)), for some values of the coupling strength (Rabi frequency) Ω between the qubit and the classical field in the resonant case (∆ = 0). We also choose a value of the spectral width λ such that memory effects are effective (λ = 0.01, strong qubit-cavity coupling) when the classical field is turned off. The qubit initial state is taken to be in the dressed state |A , that is θ = 0 in Eq. (5). As can be observed from these plots, in the absence of classical driving field (Ω = 0), nonclassical behavior of the qubit (that is, violation of the inequalities) is practically negligible. This means that, despite the presence of memory effects in the dynamics, the manifestation of an experimentally detectable quantum trait of the system by Leggett-Garg inequality violation does not occur without an external control. Contrarily, when the classical driving field is turned on and its intensity increased, we find a significant enhancement of nonclassical behavior (C 3 > 1, C 4 > 2) in wide regions of γτ.
To get insights about the role of the qubit-field detuning ∆, we plot in Fig. 3 the time behavior of the Leggett-Garg inequalities C 3 (panels (a) and (c)) and C 4 (panels (b) and (d)) for different values of the detuning parameter. The classical control is acting on the system (Ω = 0.1γ). It is interesting to notice that the detuning play a detrimental role wit respect to the quantumness of the qubit. In fact, an increase of the detuning significantly reduces the values of the figures of merit for the Leggett-Garg inequalities, which tend to stay below the quantum threshold. As a consequence, the maximum nonclassical behavior of an open qubit is obtained when the classical field resonantly interacts with the quantum system. 
IV. QUANTUM WITNESS
In this section, the quantum features of the controlled qubit are studied using a suitable quantum witness. Quantum witnesses have been introduced in the literature [17, 19, 22 ] to conveniently probe time-dependent quantum coherence, without resorting to demanding non-invasive measurements or tomographic processes. Such witnesses are particularly effective because they are capable to detect quantumness in a range wider than the Leggett-Garg inequality. These practical advantages make quantum witnesses of experimental interest, with uses not only in open quantum systems but also in quantum transport in solid-state nanostructures [22] .
Here we adopt the quantum witness defined as [22] 
where p m (t) represents the probability of finding the qubit in a state m at time t, while p m (t) = 2 n=1 p(m, t|n, t 0 )p n (t 0 ) is the (classical) probability of finding the system in m after a nonselective measurement of the state n has been performed at time t 0 (notice that, for a qubit, d = 2 in the sum). Following the classical no-signaling in the time domain [105] , the first measurement at time t 0 should not disturb the statistical outcome of the later measurement at time t, so that p m (t) = p m (t) (W q = 0 and the system behaves as a classical one. Therefore, a quantum witness W q > 0 identifies the nonclassicality of the system state at time t 0 . The conditional probability p(m, t|n, t 0 ) is expressed as a propagator Λ mn (t, t 0 ) = p(m, t|n, t 0 ), which can be explicitly found by choosing the qubit basis and the state to be measured [17] .
For the controlled open qubit here considered, the natural computational basis is the dressed state basis {|A , |B } given in Eq. (3) and the qubit is initially (t = 0) prepared in the coherent superposition cos θ|A + sin θ |B , as seen in Eq. (5). For calculating the quantum witness, the nonselective measurement of the state n at time t 0 = τ/2 is done in the basis |± = (|A ± |B )/ √ 2, while the state m to be measured at time t = τ is chosen to be |+ (the projector Π + = |+ +| is thus measured at t = τ). Exploiting the qubit evolved density matrix of Eq. (13) and determining the explicit expression of the propagator Λ(t, t 0 ) = ||Λ mn (t, t 0 )||, the quantum witness of Eq. (17) is (see Appendix A)
where A(t) is given in Eq. (11) .
The dynamics of W q as a function of γτ for different values of the system parameters is displayed in Fig. 4 , starting from the qubit initial state |+ (θ = π/4). As we can observe from Fig. 4(a) , under qubit-cavity strong-coupling (λ = 0.01γ) the quantum witness decays rapidly in the absence of the classical driving field (Ω = 0), although there are significant oscillations above zero which allows us to detect quantumness anyway. This shows the finer resolution of W q as an indicator of nonclassicality with respect to the Leggett-Garg inequality under the same condition (see Fig. ??(a) ). However, qubit quantumness can be maintained for longer times with periodic revivals by increasing the coupling Ω to the resonant (∆ = 0) classical control, a behavior similar to that of the Leggett-Garg inequality violation shown in Sec. III. Therefore, the controllable classical field leads to extending the lifetime of the quantum witness under resonant interaction.
It is then natural to explore how important the detuning ∆ and the cavity spectral width λ are important to observe such a time behavior. To this aim, we plot in Fig. 4(b) the dynamics of W q for different values of the detuning, fixing a qubitcavity strong coupling λ = 0.01γ and an interaction strength Ω = 0.1γ with the classical control (corresponding to the best performance in the resonant case of panel (a)). The dependence on λ is instead displayed in Fig. 4(c) , assuming a resonant interaction with the classical field. As a general result, we find that the maintenance property of the quantum witness is significantly weakened by increasing both ∆ and λ. An outof-resonance classical control and a larger spectral width (that is, faster cavity photon decay) are thus adverse to a long-time manifestation of quantumness for the qubit.
V. GEOMETRIC PHASE
In this section, we analyze the influence of the classical driving field on the geometric phase (GP) of the system. We already mentioned in the Introduction how the GP and its properties have found applications in the context of geometric quantum computation, allowing quantum gates with highest fidelities [52] [53] [54] [55] [56] . One of the principal motivations for having quantum gates based on GP is that they seem to be more robust against noise and errors than traditional dynamical gates, thanks to their topological properties [57, [106] [107] [108] . Geometric quantum computation exploits GPs to implement universal sets of one-qubit and two-qubit gates, whose realization finds versatile platforms in systems of trapped atoms (or ions) [109, 110] , quantum dots [111] and superconducting circuit-QED [54-56, 112, 113] . Since our system can be implemented in these experimental contexts, using real or artificial atoms, it is important to discover the behavior of the qubit geometric phase during the evolution under a classical control.
To this aim, we need to determine the geometric phase for a mixed (noisy) state of a qubit [57] . In particular, we adopt the kinematic method [33] to calculate the geometric phase of the qubit which undergoes a non-unitary evolution. According to this method, the qubit GP is given by [33] 
where ε i (0), ε i (T ) and |ε i (0) , |ε i (T ) (i = 1, 2) are the instantaneous eigenvalues and eigenvectors of the reduced density matrix of the qubit at times t = 0, T , respectively.
In order to get the desired qubit geometric phase for our system, we first calculate the eigenvalues and eigenstates of the density matrix ρ(t) of Eq. (13) which are, respectively, and
It is clear that ε − (0) = 0. Consequently, in this case only the "+" mode contributes to the GP, as evinced from Eq. (19) . Then, the GP of the qubit after a period T = 2π/ω D can be readily obtained by Eq. (19) as of Ω, the geometric phase tends to diminish with the increase of λ/γ, eventually approaching an almost fixed value. So, increasing the cavity spectral width λ (that is, decreasing the cavity quality factor and the qubit-cavity coupling) reduces the value of the geometric phase acquired from the qubit. A remarkable aspect is provided, for an assigned value of λ/γ, by the non-monotonic behavior of the qubit GP when Ω is increased. As seen from Fig. 5(a-b) , the GP firstly becomes smaller when the classical control is turned on (Ω ≤ 0.1γ, panel (a)), and then starts increasing for larger intensities of the coupling (Ω ≥ 0.3γ, panel (b)), significantly overcoming the value reached in absence of the classical field. We point out how the geometric phase of the qubit evolved mixed state can be thus efficiently stabilized, independently of the cavity spectral width, by suitably adjusting the coupling of the qubit to the classical control (see, for instance, Ω = 1γ). This feature is quite useful, since it entails that there is no need to have a high-Q cavity to maintain a given amount of geometric phase, provided that an intense resonant classical control field is tailoring the qubit.
The effects due to an out-of-resonance classical control are then shown in Fig. 6 . The curves here display the GP versus λ/γ for different values of the detuning parameter ∆, for a small coupling to the classical field (Ω = 0.1γ). We choose a small value of Ω = 0.1γ to understand whether the detuning is capable to enrich or not the value of the GP. Also in this case we retrieve a non-monotonic behavior with respect to the detuning, for a fixed value of λ/γ. In fact, it is evident from Fig. 6 that when the classical field is near resonant (0 < ∆ ≤ 0.1γ) the acquired GP becomes more fragile than the resonant case (∆ = 0), while for the case far from resonance the GP decreases more slowly with respect to the growth of the cavity spectral width λ/γ. Therefore, for a small qubit-classical field coupling, a non-resonant control is more convenient to stabilize the geometric phase of the open qubit to a larger amount.
VI. NON-MARKOVIANITY
In this section we focus on the memory effects present in the system dynamics, establishing their dependence on the classical field. We recall that without the external control (Ω = 0), memory effects due to non-Markovianity are physically characterized by the ratio λ/γ. In fact, strong coupling conditions for which λ/γ < 1 activate a non-Markovian regime for the system dynamics due to a cavity correlation time larger than the qubit relaxation time [58, 60] . On the contrary, values of λ/γ > 1 usually identify a weak coupling with Markovian dynamics. However, the action of an external classical field controlling the qubit can enrich the mechanisms underlying the presence of memory effects which therefore deserve to be investigated.
To identify non-Markovian dynamics of the system, among the various quantifiers, we utilize the so-called BLP measure [64] that is based on the distinguishability between two evolved quantum states, measured by the trace distance. We briefly recall the main physical ingredients behind this nonMarkovianity measure. For any two states ρ 1 (t) and ρ 2 (t) undergoing the same evolution, their trace distance is
where |X| = √ X † X and 0 ≤ D ≤ 1 [12] . The time derivative of the trace distance (σ[t, ρ 1 (0), ρ 2 (0)] = dD[ρ 1 (t), ρ 2 (t)]/dt) can be interpreted as characterizing a flow of information between the system and its environment. Within this scenario, Markovian processes satisfy σ ≤ 0 for all pairs of initial states ρ 1,2 (0) at any time t. Namely, ρ 1 (t) and ρ 2 (t) will eventually lose all their initial information and become identical. However, when σ > 0, ρ 1 (t) and ρ 2 (t) are away from each other. This can be seen as a backflow of quantum information from the environment to the system and the process is called non-Markovian. Based on this concept, a measure of non-Markovianity can be defined by [64] 
where the time integration is taken over all intervals in which there is information backflow (σ > 0) and the maximization is done over all possible pairs of initial states.
In Fig. 7 , we display the effect of the coupling strength of classical driving field to the qubit on the non-Markovianity as a function on the ratio λ/γ for different detuning ∆. The initial state of the qubit is chosen to be in the dressed state |A , corresponding to θ = 0 in Eq. (5). In the absence of classical field (Ω = 0) the known behavior explained above is quantitatively retrieved, that is memory effects significantly decrease with an increase of λ/γ (a larger cavity spectral width). The plots of (a) ). An out-of-resonance interaction mitigates the disappearance of memory effects, whose amount of non-Markovianity approaches that occurring without classical field (see panel (d), in particular). We highlight that such a behavior is in contrast with the enriching effect of the classical control field on the quantum features of the qubit, such as Leggett-Garg inequality, quantum witness and geometric phase treated above. This aspect makes it emerge that larger memory effects do not correspond to enhanced quantumness of the system, contrarily to what one may expect. In fact, we find that weaker non-Markovianity just occurs in correspondence to an enhanced dynamics of quantumness of the controlled qubit.
To better figure out the interactive role of the coupling constant (Rabi frequency) Ω and detuning ∆ of the classical driving field, we also plot non-Markovianity as a function of ∆/γ for different values of Ω in Fig. 8 . The curves here confirm that an intense classical field strongly reduces nonMarkovianity of the system, especially in the resonant case. To prevent this, large detuning is required. Namely, the larger Ω, the higher the values of the detuning required in order to maintain a given degree of non-Markovianity.
VII. CONCLUSION
In this work, we have investigated the role of an external classical field as a control of quantumness, geometric phase and non-Markovianity of a qubit embedded in a dissipative cavity. We focused on the dynamics of fundamental quantum traits linked to the superposition principle (coherence) of the qubit which are experimentally detectable, identified by Leggett-Garg inequality violations and a suitable quantum witness.
As a general remarkable point, we have found that an intense and resonant classical control is required to enrich the quantumness of a qubit during its time evolution. The more significant the interaction of the quantum system with an external classical field, the more quantum the system behaves. We have then shown that the geometric phase acquired by the qubit during a period of its noisy evolution can be efficiently stabilized, independently of the cavity spectral width, by suitably adjusting the coupling of the qubit to the classical control. Cavities with very high quality factors are therefore not needed to maintain a given geometric phase of the open qubit, provided that the latter is harnessed by an intense resonant classical field. We have also seen that the action of the classical control strongly weakens non-Markovianity (memory effects), especially in the resonant case, in contrast with the enriching effect it has onto the quantum behavior of the qubit, such as Leggett-Garg inequality, quantum witness and geometric phase. This aspect makes it clear that larger memory effects do not necessarily entail enhanced quantumness of the system. The system here considered and the corresponding findings can be feasible by current technologies in both cavity and circuit-QED, which allow the manipulation of interactions of classical fields with qubits [114] [115] [116] [117] . Our results supply useful insights towards a deeper comprehension of the interaction of a classical signal with a quantum device, highlighting the importance of having hybrid classical-quantum systems in a quantum information scenario. In this appendix, we report the evaluation of the quantum witness W q of Eq. (17) .
To compute the propagator Λ, we first need to define the Lindblad-type evolution of an operatorX within the Heisenberg picture, that is dX/dt = L[X] [17, 19] . Assuming the cavity owns a single photon in mode k, the Lindblad operators can be defined in a basis consisting of raising and lowering Pauli operators (σ + =σ x +iσ y andσ − =σ x −iσ y ). Notice that the computational basis for our system is the dressed state basis {|A , |B } given in Eq. 
where F t [X(t )] = F(t, t )(σ +σ−X (t ) +X(t )σ +σ− − 2σ +X (t )σ − ), (A2) with the function F(t, t ) being the kernel (correlation function) of Eq. (8) .
When the operatorX is substituted by the projectors Π ± = 
whose matrix elements are Λ mn (t, 0) with (m, n) = (+, −).
In absence of the intermediate nonselective measurement, the quantum probability p ± of finding the state |± at time τ is defined by p ± (τ) = Π ± (τ) = Tr(ρ(τ)Π ± (τ)), where ρ(τ) is the evolved reduced density matrix of the qubit. Using the propagator Λ(t, 0) above, this probability results to be
Assuming the qubit initially prepared in a coherent superposition of its dressed states, that is cos θ|A + sin θ |B , one gets p ± (0) = (1 ± sin(2θ))/2. Therefore, the quantum probability p + (τ) is p + (τ) = 1 2 1 + 1 2 sin(2θ)(A(τ) + A * (τ)) .
On the other hand, in the presence of a nonselective measurement at time t = τ/2 the (classical) probability is similarly defined at time τ by [17] p + (τ) p − (τ) = Λ(τ, τ/2)Λ(τ/2, 0)
Therefore, the classical probability of finding the open controlled qubit in the state |+ at time τ results to be p + (τ) = 1 2 1 + 1 4 sin(2θ)(A(τ/2) + A * (τ/2)) 2 .
Finally, the quantum witness W q (τ) = |p + (τ) − p + (τ)| for our system can be explicitly obtained.
